We derive self-consistent formalism for the description of multi-component partially ionized solar plasma, by means of the coupled equations for the charged and neutral components for an arbitrary number of chemical species, and the radiation field. All approximations and assumptions are carefully considered. Generalized Ohm's law is derived for the single-fluid and two-fluid formalism. Our approach is analytical with some orderof-magnitude support calculations. After general equations are developed we particularize to some frequently considered cases as for the interaction of matter and radiation.
I. INTRODUCTION
The plasma in the lower atmosphere of the Sun (photosphere and chromosphere) is only partially ionized. The presence of neutrals is extremely high in the photosphere, where the estimations based on the standard atmospheric models provide about one ion every ten thousand neutrals (see, e.g. Vernazza, Avrett, and Loeser, 1981) . Higher up in the chromosphere the ionization fraction increases, but it remains below unity up to the transition region and corona. This fact alone does not necessarily imply that the magnetohydrodynamic (MHD) approximation (with some modifications) can not be safely applied. There are numerous examples of the success of MHD models describing basic processes in the photosphere and below, such as convection, magneto-convection, formation of magnetic structures, flux emergence, wave propagation, etc. (Asplund et al., 2000; Khomenko and Collados, 2006; Cheung, Schüssler, and Moreno-Insertis, 2007; Moreno-Insertis, Galsgaard, and Ugarte-Urra, 2008; Nordlund, Stein, and Asplund, 2009) . Such description is possible because, despite the presence of a significant amount of neutrals, the plasma is strongly collisionally coupled in the photosphere and below.
However, when dealing with strongly magnetized regions, such as sunspots, one has to be careful since the cyclotron frequencies of electrons and ions may become large enough to overcome the collisional frequencies leading to a break of assumptions of ideal MHD even in the photosphere.
The situation is different in the chromosphere because the collisional coupling of the plasma weakens with height. The physics of this region is less understood and the models of chromospheric phenomena are not so well developed Leenaarts, 2010) . In the chromosphere, the plasma changes from pressure-to magnetic field-dominated and, due to the weakening of a) Electronic mail: khomenko@iac.es collisional coupling, the electrons and ions become magnetized starting from some height, even for regions with relatively weak magnetic field. All these factors together mean that the assumptions of MHD and the approach based on the thermodynamic equilibrium conditions become invalid in the chromosphere.
It has long been known that the chromospheric plasma can not be treated in the local thermodynamic equilibrium (LTE) approach for processes related to the transfer of radiative energy and interaction of plasma and radiation. In recent years it has also become accepted that, for the description of the plasma processes themselves, the MHD approach, based on the total collisional coupling of the plasma, fails and alternative models must be applied. On the extreme edge of modelling, there is the kinetic description of the plasma. This, however, can not be of practical use in the photosphere and the chromosphere because these regions are far too dense. The intermediate approach consists in using the fluid-like description. Different modifications of such description include single-fluid quasi-MHD equations, or multi-fluid equations. In the multi-fluid approach, the equations for different plasma components -ions, neutrals and electrons -are solved separately, coupled by means of the collisional terms. In the quasi-MHD approach, the equations for different components are added up together leading to appearance of dissipative terms in the induction and energy conservation equations. In both cases, these equations need to be coupled to the equations describing the radiation field.
There is an increasing number of works in the literature where multi-fluid or single-fluid approaches have been applied for the description of various phenomena in the solar atmosphere.
Deviations from classical MHD are found to be important for: (i) propagation of different types of high-frequency waves (Kumar and Roberts, 2003; Khodachenko et al., 2004 Khodachenko et al., , 2006 Forteza, Oliver, and Ballester, 2007; Pandey, Vranjes, and Krishan, 2008; Vranjes et al., 2008; Ballester, 2009, 2010; Zaqarashvili, Khodachenko, and Rucker, 2011b; Zaqarashvili et al., 2012) , as the relative motion between the neutral and charged species increases the collisional damping of these waves in the photosphere, chromosphere and prominence plasmas, modifies their excitation rates and produces cut-off frequencies; (ii) reconnection processes (Zweibel, 1989; Zweibel, 1994, 1995; Leake et al., 2012) since the collisional damping due to neutrals modifies the reconnection rates; reconnection studies in the two-fluid approach show that ions and neutrals can have rather different velocities and temperatures (Sakai, Tsuchimoto, and Sokolov, 2006; Smith and Sakai, 2008; Sakai and Smith, 2009 ); (iii) equilibrium balance of magnetic structures by facilitating the creation of potential force-free structures in the chromosphere (Arber, Botha, and Brady, 2009) , and offering new mechanisms for creation of intense photospheric flux tubes (Khodachenko and Zaitsev, 2002) ; (iv) magnetic flux emergence (Leake and Arber, 2006; Arber, Haynes, and Leake, 2007) by increasing the amount of emerged flux due to the presence of a diffusive layer of partially ionized plasma in the photosphere; (v) plasma instabilities in prominences Díaz, Soler, and Ballester, 2012; Díaz, Khomenko, and Collados, 2013; Khomenko et al., 2014a,b) by removing the critical wavelength and making the plasma unstable at all spatial scales; (vi) heating of chromospheric plasma (De Pontieu and Haerendel, 1998; Judge, 2008; Krasnoselskikh et al., 2010; Khomenko and Collados, 2012; Martínez-Sykora, De Pontieu, and Hansteen, 2012) since the Joule dissipation of electric currents is enhanced by orders of magnitude due to the presence of neutrals and weakening of the collisional coupling.
Because this subject is gaining so much attention, it is important to revise the derivation of the basic equations for the description of the multi-component solar plasma using a common frame of assumptions and simplifications. The purpose of the present article is to provide such derivation. With no criticism to any of the above mentioned studies, the equations are often taken from different sources, leading to a different formulation of various terms. Meier and Shumlak (2012) discussed recently the same problem and provided a formalism for the description of multi-component solar plasma, including ionization and recombination processes, aiming at general plasma physics applications. In our approach, the macroscopic equations of motion for the plasma components are self-consistently derived starting from Boltzmann equation. We include the interaction with radiation from the very beginning, via excitation/deexcitation and ionization/recombination processes and treat photons and yet another type of particles interacting with the rest of the mixture. The generalized Ohm's law is derived for the single-fluid and two-fluid cases. Unlike previous works, we consider not only hydrogen (or hydrogenhelium) plasma, but generalize to the case of multiple species in different ionization and excitation states. We then make order of magnitude estimates of the different terms in the generalized Ohm's law for the typical solar conditions.
II. MACROSCOPIC EQUATIONS
We consider a plasma composed of a mixture of atoms of different atomic species, neglecting molecules. These atoms can be excited to excitation levels and/or to different ionization stages. Each particle is determined by three numbers: its atomic species α, its ionization stage I and its excitation level E, defining its "micro-state", {αIE} 1 . The case of electrons and photons will be considered apart. The following relation is applied:
where n αIE is the number density of particles of element α with ionization stage I and excitation level E; n αI is the number density of particles of element α and ionization stage I, and n α is the number density of particles of element α in all ionization and excitation stages. The number of electrons is equal to the number of ions of all species and ionization states, taking into account that the I's ionization state gives I electrons:
The general transport equation of a scalar quantity χ( v) is derived from the Boltzmann equation, written for an ensemble of particles of a given micro-state {αIE}:
where f αIE ( r, v, t) is the one-particle distribution function, a is acceleration and v is the particle velocity. The term on the right hand side of Eq. 3 describes the variation of the distribution function of our ensemble of particles due to collisions with other particles, not belonging to {αIE}. The collisional term must satisfy the usual conditions of the conservation of particles, their momentum and energy, see e.g. the textbooks by Goedbloed and Poedts (2004) and Balescu (1988) . The general transport equation for a scalar quantity χ( v) can be obtained by multiplying the Boltzmann equation by χ( v) and integrating it over the whole velocity space (Braginskii, 1965; Bittencourt, 1986; Balescu, 1988) . We assume that the variable χ( v) does not explicitly depend on time nor space variables (∂χ/∂t = 0, ∇χ = 0). The transport equation then takes the form:
Here, the triangular brackets, , mean averaging of a quantity over the distribution function in velocity space. Similar equation can be written for a vector quantity χ( v):
where ⊗ represents the external (or tensorial) vector product. These two equations will be used below to derive the equations of conservations of mass, momentum and energy for particles in the micro-state {αIE}. Particle density, momentum and energy are defined as usual as the moments of the distribution function and their corresponding conservation equations are derived as the moments of the Boltzmann equation, see below. The average velocity u αIE of each species in a given microstate {αIE} is obtained from the momentum, dividing by the corresponding particle's mass. The mass of particles is exactly the same for all excitation states E, and differs between the ionization states by the mass of corresponding electrons. This gives only a small difference between the masses of particles in different ionization stages, but we will preserve it here for consistency. We will assume that the macroscopic velocities of particles of a given excitation state are the same as of their corresponding ground state (either ionized or neutral) since there is no reason to expect that particles in excited state experience different forces than particle in the ground state. However, macroscopic velocities of the neutral and ionized states can be different, as the latter experience the action of the Lorentz force and the former do not:
It is also useful to decompose the velocity of a particle as the sum of the macroscopic u and random velocities c:
Photons can be considered another type of particles and, as such, a similar Boltzmann equation can be written also for their distribution function f R (Mihalas, 1986) :
where the function f R = f R ( r, p, t) gives the number density of photons at the location ( r, r + d r) and with momentum ( p, p + d p). Equivalently, one can write r, n, ν, t) to represent the number density of photons at ( r, r + d r), with frequency (ν, ν + dν) propagating with velocity c in the direction n. Since photons do not have mass at rest, if no relativistic effects are present, no force is acting on them, F = 0, and photon propagation will be along straight lines with v = c n. Since each photon has energy hν (being h Planck constant), the amount of energy crossing a surface dS in the direction n in the interval dt is
where θ is the angle between the direction of n and the normal to the surface dS, and Ω is the solid angle. This gives us the relation between the photon distribution function and the specific intensity:
Substituting this relation into the Boltzmann equation (Eq. 8) one obtains the usual form of the radiative transfer equation:
The right-hand side of the equation is related to the generation/removal of photons in the radiation field due to excitation/de-excitation and ionization/recombination processes (see Eqs. 17 and 18) . This collisional term is usually expressed as the difference between photon sources (j ν ) and losses (which are proportional to the radiation field and are written as k ν I ν ). The latter notation is the standard one in the literature on radiative transfer (e.g., Mihalas, 1986) , and usually reads as
After neglecting the temporal derivative of the radiation field in Eq. 11 one gets the usual transfer equation:
A. Mass conservation
The equation of mass conservation for particles in a micro-state {αIE} is derived from Eq. 4 by setting χ = m αIE = m αI . This way χ αIE = m αI , χ v αIE = m αI v αI = m αI u αI and ∇ v χ = 0 and one obtains:
where ρ αIE = m αI n αIE and Eqs. 6 and 7 are taken into account for velocities.
The collision term on the right hand side (S αIE ) accounts for collisions with particles of another kind that lead to creation or destruction of particles of the microstate {αIE}, including the interaction with photons (i.e. radiation field) as another type of particles. If particle identity at the micro-state {αIE} is maintained during the collision, such collision is called "elastic". The term S αIE is zero for elastic collisions. The collisions that lead to creation/destruction of particles are called "inelastic". Inelastic processes most relevant for the solar atmosphere are ionization, recombination, excitation and de-excitation. Scattering can be treated as a particular case of photon absorption and re-emission by any of the above processes. Thus, in a general case, the collisional term can be written in the following form:
where the summation goes over all ionization states I ′ and their corresponding excitation states E ′ (I ′ ) leading to creation/destruction of particles of micro-state {αIE} of the α element. The first term describes transitions from other excitation/ionization states of element α to the state IE, and the second term describes the opposite processes. The rate coefficients P αIEI ′ E ′ are the sum of collisional (C αIEI ′ E ′ ) and radiative (F αIEI ′ E ′ ) rate coefficients:
The radiative rates F αIEI ′ E ′ have to be specified separately for the upward (initial microstate with a lower energy than the final one) and for the downward processes. The former ones are photoexcitation (E < E ′ ) and photoionization (I < I ′ ), while the latter ones are photodeexcitation (E > E ′ ) and photorecombination (I > I ′ ). The unified radiative rates F αIEI ′ E ′ can be found elsewhere in standard radiative transfer tutorials, e.g. Rutten (2003); Carlsson (1986) . They depend on the radiation field and on the atomic parameters of the transitions.
The unified radiative rates F αIEI ′ E ′ for the upward processes (excitation, ionization, IE < I ′ E ′ ) can be written as:
The coefficient σ αIEI ′ E ′ is the extinction coefficient of interaction of an atom with a photon to give rise to the transition from state IE to I ′ E ′ . The integral over angle and frequency comes the fact that photons coming from different directions or frequencies may be absorbed to produce a give rise to an excitation or ionization process.
For the downward radiative processes (deexcitation, recombination, IE > I ′ E ′ ) the unified rates F αIEI ′ E ′ are:
It is important to note that these expressions represent the important link between the radiation field and the atomic excitation/deexcitation/ionization/recombination processes. Through these radiative processes, the photon absorption/emission has to be taken into account in addition to the corresponding change in the population of the {αIE} microstate. The extinction coefficients σ αIEI ′ E ′ and the coefficient G αI ′ E ′ IE have different forms for bound-bound and boundfree processes and can be found in standard tutorials on radiative transfer. The rates for the inelastic collisions between a particle in microstate {αIE} and another particle (collider β) that turn {αIE} into {αI ′ E ′ } may be written in a general form as:
where f (v β ) is the velocity distribution of the colliders and σ αIEI ′ E ′ ,β is the collisional cross-section of species α and β. the total collisional rate coefficient, σ αIEI ′ E ′ , is obtained after adding up the contribution off all colliders, i.e.,
The most common colliders in the solar atmosphere are the electrons. The collisional rates for the bound-bound and bound-free processes including free electrons are usually specified by the approximation of van Regemorter (1962) (see Rutten, 2003) , derived assuming local thermodynamical equilibrium.
If we sum Eq. 14 over all possible microstates IE of the α atom, the right hand side becomes identical to zero as no nuclear reactions are considered and no transformation between the atoms is allowed ( IE S αIE = S α = 0). However, the right hand side of Eq. 14 written for a specific microstate S αIE may also become zero under certain approximations. It is certainly identical to zero if the plasma is in thermodynamical equilibrium (TE) since in that case all processes are in detailed balance, so n αI ′ E ′ P αI ′ E ′ IE = n αIE P αIEI ′ E ′ . The same applies for the approximation of local thermodynamical equilibrium (LTE) where TE is assumed to be valid locally. Furthermore, it is still identical to zero when the LTE approximation is relaxed to the approximation of the statistical equilibrium (SE) that is commonly solved within the instantaneous non-LTE radiative transfer problem. All these approximations require that the macroscopic changes of the atmosphere happen on temporal and spatial scales such that the atmosphere may be considered stationary (∂ρ αIE /∂t = 0) and static ( ∇(ρ αIE u αI ) = 0).
The condition of SE may formally be written as
In a general case, the net source terms S αIE cannot be neglected in the solar chromosphere when the SE fails to describe the plasma conditions (Carlsson and Stein, 2002; Leenaarts et al., 2007) due to the imbalance between the ionization and recombination rates. Eq. 14 can be summed over the excitation states E to give:
where we define
In this summation the contributions from the transitions between different excitation states E(I) of the same ionization state I cancel out. The remaining contributions include transitions that change the ionization state (whatever the excitation state) and therefore generate or remove a free electron. In the case of electrons, by substituting χ = m e into equation Eq. 4 we obtain:
The collisional term for electrons takes into account all the processes leading to the appearance/disappearance of electrons (ionization and recombination) for all atomic species α of the system.
This term only becomes strictly null in the case of TE/LTE/SE.
Since photons do not have mass, there is no equivalent mass conservation equation for them.
B. Momentum conservation
By setting χ = m αI v in Eq. 5, the equation of momentum conservation for particles of a micro-state {αIE} is derived. According to Eq. 7, we have v = u αIE + c αIE = u αI + c αI and m αIE = m αI . Using the continuity equation for the micro-state {αIE}, Eq. 14, and defining the kinetic pressure tensor,p αIE , according to Eq. A1 (see Appendix A), the equation of momentum conservation is obtained:
Introducing the total derivative and assuming that the average force F has an electromagnetic and gravitational nature, the equation of motion is written as:
where
The term R αIE provides the momentum exchange due to collisions of particles in the micro-state {αIE} with other particles, including photons. The expressions for elastic collisions between neutrals, ions and electrons (excluding photons) are given in Appendix B.
The above equation can be summed up for all excitation states E. In this summation it is important to take into account that we assumed that macroscopic velocities and masses of all excitation states are the same. This makes the summation straightforward. The following momentum equation is then obtained:
where E R αIE = R αI (Appendix B), and other definitions are given in Appendix A. For electrons, an equation similar to Eq. 27 can be obtained introducing χ = m e v:
where we have used q e = −e. To get the momentum conservation for photons, we can multiply Eq. 11 by n, the propagation direction of photons, and integrate over all solid angles and all frequencies. With this, one gets the equation
where the radiative energy flux, F R , is defined as
and the radiation pressure,P R , aŝ
Neglecting the time variations of the radiation field, one gets the momentun conservation equation for photons,
The relation between the collisional momentum term R αIE and the radiation field depends on particular transition, and it is of no use here to introduce the complexity to describe all possible transitions, that can be found elsewhere. For the purpose of illustration, we provide a simple example of a radiative excitation process, whereby an atom passes from micro-state {αIE ′ } to microstate {αIE} after the absorption of a photon. With this process, the momentum of microstate {αIE} is increased with the initial momentum of the particles in micro-state {αIE ′ } plus the momentum of the absorbed photon. For this particular example, the contribution R rad αIE to the term R αIE by this process would be
The integral in solid angle takes into account that photons coming from different directions can be absorbed, while the integral in frequency includes all possible photons that may lead to the transition through the crosssection factor σ αIE ′ IE . Similar expressions can be written for the other radiative processes leading to changes of the momentum of each microstate {αIE}. The total value for R αIE is obtained after adding up the contributions of all processes that populate/depopulate microstate {αIE}.
C. Energy conservation
In a general case, the gas internal energy of a given micro-state makes up of kinetic energy of particle motion, potential energy of their interaction (excitation states) and ionization energy . For an ideal gas, the potential and ionization energies of the particles are neglected and the internal energy of a gas is only due to random thermal motions:
Taking into account the definition of the scalar pressure,
αI , the internal energy can be expressed as:
In a more general situation, the internal energy will make up of kinetic energy and potential energy of the excitation-ionization level IE, E αIE , with respect to the ground level of the neutral state, E α00 :
To derive the conservation law for the quantity given by Eq. 38, we here take:
The potential energy associated to a given microstate is a scalar constant. We start by setting χ = χ 1 = m αI v 2 /2 in Eq. 4. Following the standard steps, the energy equation is written:
where F is a general force. We rewrite the second term on the left hand side using the definition of the mean and random velocities (Eq. 7), pressure tensor (p αIE , Eq. A1) and heat flow vector ( q αIE , Eq. A2). Under the additional assumption that any external force is independent of velocity or does not have a component parallel to the velocity (which includes both, electromagnetic and gravitational, forces), combining the above equation with those of mass (Eq. 14) and momentum conservation (Eq. 27) gives:
This term is zero in Braginskii (1965) . However, in our point of view, it should be retained, given that the term M αIE includes kinetic energy losses/gains of the particles of micro-state {αIE} due to collisions with other particles, which in general will not vanish. Now we consider the second contribution to the internal energy and set χ = χ 2 = E αIE in equation Eq. 4. We obtain for a given micro-state:
The term E αIE S αIE takes into account the change of potential energy of a micro-state due to inelastic collisions with other particles, including photons, i.e. potential energy change during radiative and collisional ionization, recombination, excitation and deexcitation. Adding up the energy equations Eqs. 41 and 43 and using the definition of the internal energy of a micro-state {αIE} from Eq. 38 we rewrite the conservation equation for internal energy like follows:
where we defined the internal energy losses/gains term as:
In this definition, the Q αIE term includes energy losses/gains due to: elastic collisions of particles of the micro-state {αIE} with other particles (M αIE term, and part of the u αI R αIE term, Eq. B4), and inelastic collisions with photons and other particles (u 2 αI /2 + E αIE /m αI )S αIE , and the corresponding part of the u αI R αIE term, see Eq. 35 for an example.
Adding up Eq. 44 for all excitation states one obtains:
with
and
where χ αI and Φ αI are defined according to Eq. A3 and Eq. A4, see Appendix A. For electrons, the above equation simplifies even further since there are no ionization-excitation states, neither potential energy corresponding to such states.
with e e = 3p e /2. The energy equation for photons is obtained after integrating Eq. 11 for all solid angles and for all frequencies
where the radiative energy is defined as
The standard equation is obtained after neglecting the temporal variation of the radiation field, to lead to the expression
Again, we can reinforce the concept of the coupling between the plasma particles and the radiation field. To that aim, we can use the same example as in Sect. II B, excitation processes whereby particles in microstate αIE ′ change to microstate αIE after absorbing a photon. In this case, we have
D. Assumptions of macroscopic equations
The system of equations (Eqs. 14, 27, 44, and 13) is so far rather general, but not closed, since the equations for the third momentum of the distribution functions are not present. The effect of thermal motions, of random phase cyclotron motions are averaged in these equations Upper panel: collisions between neutral hydrogen with electrons (red dashed, Eq. 60) and with ions (red dotted, Eq. 59); collisions between hydrogen ions with electrons (blue dashed, Eq. 61) and with themselves (blue dotted, Eq. 62); cyclotron frequencies of gyration (black dotted and dashed, for ions and electrons, Eq. 57) for the field B = 100 exp (−z/600) G; and Langmuir frequency (black solid, Eq. 55. Lower panel: Debye radius (black solid, Eq. 56); Larmor radius of gyration for electrons and ions (black dotted and dashed, Eq. 58).
and are present in the form of kinetic pressure tensor (also called stress tensor),p αIE , heat flow vector q αIE , and elastic and inelastic collisional terms S αIE , R αIE , and M αIE . To close the system, one has to provide the expressions for these quantities.
The pressure tensor can be approximated by a scalar pressure (only the elements of the diagonal are non-zero) in essentially two cases: (1) when the plasma is isotropic and collision-dominated, implying small mean free paths, and (2) for strongly magnetized plasmas when the cyclotron motion dominates over the collisions and the plasma becomes anisotropic in the direction perpendicular to the magnetic field, implying small gyration radius, much smaller that any gradient in any variable (see, e.g. Spitzer, 1956 ). In the first case all three elements on the diagonal are the same. In the second case, there are two independent components of pressure, parallel and perpendicular to the magnetic field. The non-diagonal components of the pressure tensor are the origin of viscosity.
Radiative processes are considered to happen instantaneously, while other processes have characteristic temporal or spatial scales. Typical values used to determine the scale of the different physical mechanisms are the following:
• Frequency of Langmuir oscillations arising when the local charge neutrality of plasma is violated:
• Spatial scale of Langmuir oscillations is the Debye radius
• Frequency of cyclotron rotation of particles of each species
• Spatial scale of cyclotron rotation is Larmor radius
These frequencies and scales for typical parameters of the solar atmosphere are given in Fig. 1 , calculated after the VAL-C atmospheric model (Vernazza, Avrett, and Loeser, 1981) and assuming a magnetic field varying with height as B = 100 exp (−z/600) G, approximating quiet solar regions. The largest spatial scale is the Larmor radius of ions reaching about 1 meter in the upper chromosphere. The lowest frequency is the ion cyclotron one reaching 10 4 Hz in the chromosphere (corresponding to a period of 2π × 10 −4 sec). The plasma frequencies and spatial scales defined above should be compared with the frequency of collisions between the charged particles and collisions between the neutral and charged particles. The frequency of collisions between neutral atoms of specie β with ions of specie α, and electrons are given in, e.g., Spitzer (1956) , although some newer developments can be found in Vranjes and Krstic (2013) :
where m iαn β = m iα m n β /(m iα + m n β ) and Σ in = 5 × 10 −19 m 2 , Σ en = 10 −19 m 2 are the ion-neutral and the electron-neutral cross sections, respectively.
The collisional frequencies of electrons with ions of specie α, and of ions of different species are provided by Braginskii (1965) , his Appendix A1 (see also Lifschitz (1989) ; Rozhansky and Tsedin (2001) and Bittencourt (1986) , chapter 22):
62) where Z iα is the charge of the ion α (Z iα = 1, 2, ...), and the mass of the ion is assumed to be approximately equal to the proton mass in evaluating the coefficient of the last equality. The Coulomb logarithm Λ for T e < 50 eV (i.e. solar temperatures approximately below 600.000 K) is Λ = 23.4 − 1.15 log 10 n e + 3.45 log 10 T e
with n e given in cm −3 and T in K. These frequencies for the solar atmosphere are plotted in red in Fig. 1 . The thermal velocities of ions are taken to be of the order of 10 1 km s −1 and those of electrons of the order of 10 3 km s −1 . The quantitiesp αIE , q αIE , S αIE , R αIE , and M αIE can be expressed in terms of ρ αIE , p αIE , u αI and the magnetic field direction b = B/B if the plasma temporal scale, τ , and the spatial scales, L and L ⊥ (parallel and perpendicular to the magnetic field), satisfy the following conditions (Lifschitz, 1989) :
The temporal scales should be much larger than the cyclotron period and the time between collisions. The spatial scales parallel to the magnetic field should be much larger than those defined by the collision frequencies and the thermal and plasma velocities (i.e. thermal free path scale). In the case of scales perpendicular to the magnetic field, those should be larger than the dimensions defined by the cyclotron frequency and the velocities (i.e. radius of cyclotron gyration around the magnetic field lines). Fig. 1 shows that all these conditions are satisfied in the solar atmosphere, for the typical observed spatial and temporal scales.
It is important to note that the motion determined from macroscopic equations does not agree with the microscopic particle drifts, described by the equation of motion of individual particles. Only the drift due to electric field remains in the macroscopic equations. The drifts due to the gradient of the magnetic field is not present in the macroscopic description. The latter drift is responsible for, e.g., the motion of charged particles in the Earth's magnetosphere (magnetic mirrors), and is usually described in the microscopic approach. This apparent paradox in the description of plasma drifts and its origin is discussed in Spitzer (1956) and has to do with the different way of averaging in the macroscopic and microscopic equations.
III. TWO-FLUID DESCRIPTION
The solar plasma is composed by particles of different atomic elements in different ionization stages. One can consider that, once the collision coupling weakens, all these species behave in a different way, moving with different velocities. However, as a first approximation, it is reasonable to assume that the difference in behavior between neutrals and ions is larger than between the neutrals/ions of different kind themselves, since the latter feel the presence of the magnetic field and the former do not. This assumption allows to decrease the number of equations for different species α (Eq. 14, 27 and 44) to just two, for an average neutral particle and an average charged particle (photons considered apart). The two-fluid description has the limitation that it requires a stronger coupling between charged particles than between charged and neutral particles (see, Zaqarashvili, Khodachenko, and Rucker, 2011a,b) and thus it is only valid for z>1000 km according to Fig. 1 . Also, in some circumstances, if the collisional coupling between the neutral species is weaker than between ionized and neutral ones, the neutral species can decouple as well one from another, see, e.g. Zaqarashvili, Khodachenko, and Rucker (2011a,b) . The approach described in this section can be easily extended to describe this case. Below we derive the two-fluid equations for a plasma composed by an arbitrary number of neutral and ion species (not only hydrogen). The evolution of the charged species will be described by equations that combine jointly electrons and all ions. The evolution of neutral species will be described by the combined equations for all neutral components. Plasma quasi-neutrality is assumed and the temperature of electrons and ions is assumed the same (though the neutral component can have a different temperature). We assume that there are N species present in the plasma, i.e. we have N different ions and N different neutrals (2N + 1 species in total, accounting for electrons as well). We will only consider singly-ionized ions since the abundance of multiplyionized ions is not large in the regions of interest of the solar atmosphere (i.e., regions where the presence of neutrals is important, photosphere and chromosphere). The conditions of the solar photosphere are such that the most abundant neutral atoms are hydrogen, and the donors of electrons are ionized iron atoms. The summation done in this section allows to obtain equation for an average neutral/ion atoms taking the latter feature into account.
In the next subsections, we use indices n and i, instead of I = 0 or I = 1, to refer to neutral or ions, following the standard notation of previous works. Where appropriate, we also use the index c to account for the combined effect of all charges, i.e, ions and electrons.
A. Multi-species continuity equations Using Eq. 22 and the definitions from Appendix C one trivially obtains:
In a similar way, for charges
where ρ c = α ρ αi + ρ e , see Appendix C. The definitions of the inelastic collisional terms S n , S i and S e are given in Appendix B. The last equality comes from the fact that collisions can not change the total density.
B. Photon momentum and energy equations for processes involving neutrals and charged species
Before proceeding to the derivation of the momentum and energy equations for neutrals and charges, it is convenient to split the photon momentum and energy equations, Eqs. 34 and 52, taking into account the nature of the interaction of particles and photons. In that equation, we can define the emissivity j ν and absorption k ν coefficients as the sum of separate contributions from neutrals (superindex n) and charges (superindex c):
Examples of this separation are: excitation(deexcitation) processes of neutral atoms will be included in k n ν (j n ν ), excitation/deexcitation of ionized species contribute to k c ν /j c ν ; the ionization of a neutral species is taken into account in k n ν (a photon disappears from the radiation field due to the absorption by the neutral), the recombination of an ionized atom with an electron to give a neutral atom is included in j c ν (a photon appears as a consequence of the ion-electron interaction), etc.
With this, one can writê
whereP n R andP c R are defined as
Analogously, one can define
and intensities I ν are obtained from complete radiative transfer equation, Eq. 13 with total coefficients j ν and k ν .
C. Multi-species momentum equation for neutrals
First we start with neutrals, adding Eq. 29 for α neutral species:
Using the continuity equation, we expand the derivative part as usual:
The pressure tensor term gives:
where the drift velocity w αn is defined according to Eq. C7. The terms containing w αn cancel out after the summation of the above two expressions. The collisional term takes into account the elastic collisions between all neutral species with ions and electrons (denoted by R n ), as well as inelastic collisions through the momentum carried by photons (given by the integral below). The collisions between different pairs of neutrals go away after summation (see Appendix, Eq. B8):
In a photon absorption/emission process, the neutral atoms gain/lose the momentum given by the second term on the right-hand side of the equation.
Finally, taking into account Eq. 70, the momentum equation for the neutral component becomes:
or, alternatively, using the continuity equation this can be rewritten as:
D. Multi-species momentum equation for charges
The charged component momentum equations are (Eq. 29 and 30):
The sum of the derivative terms gives, same as before
The Lorentz force term
according to the definition of the current density, J given by Eq. C6. The pressure term
according to Eq. C9. The collision term writes as
where the elastic collisions between ions and electrons with neutrals are taken into account (term R e ) and the collisions between different pairs of ions or ions-electrons go away (see Appendix, Eq. B9 and B6). The integral term gives the momentum exchange due to ineslatic collisions. The last equality is derived from the conservation of the total momentum by elastic collisions. With all this, the ion-electron momentum equation becomes:
Using the continuity equation, Eq. 66, it can be rewritten as
E. Multi-species energy equation for neutrals
Adding up α energy equations for the neutral components (Eq. 41 and 43, summed over E ionization states), we get:
where χ αn and Φ αn are defined by Eqs. A3 and A4. Using the momentum and continuity equation, as well as definitions from Appendix C, after some lengthy but straightforward calculations, one obtains the total energy equation for neutrals:
where q ′ n is defined according to Eq. C12. As before we can use momentum and continuity equations for neutrals to remove the kinetic energy part from this equation, getting:
where we have used the definition
The term M n accounts for the energy exchange of neutrals through the elastic collisions with charges and the integral represents the energy gain/losses of neutral species after absorbing/emitting photons.
F. Multi-species energy equation for charges
Using the α energy equations for ions (Eq. 41 and 43) and Eq. 49 for electrons, we get:
with χ αi and Φ αi are defined by Eqs. A3 and A4. In a similar way as for neutrals, after some lengthy manipulations the energy equation for charges is obtained:
and q ′ ie is defined according to Eq. C12. We use the continuity and momentum equations for charges (Eq. 66 and 84) to remove the kinetic energy part from this equation:
where we have used the relation
due to the energy conservation in elastic collisions and the energy exchange with photons. The derived system of equations (Eqs. 65, 66, 79, 84, 89 and 96) looks formally the same as in the case of purely hydrogen plasma. However the variables are defined in the different way and represent average quantities over all N components of the plasma. It is also important to note that only the collisions with or by neutrals need to be considered.
FIG. 2. Map of the collisional frequencies computed according to
Eqs. 60 and 59 at h = 515 km of the VAL-C model atmosphere. The x-axis is the atomic number of the first collider, the y-axis the atomic number of the second collider.
G. Collisional R terms
In order to make practical use of the collisional terms R in the momentum equations one has to express them via the average velocity of charges and neutrals instead of individual velocities as in Eqs. B6, B8 and B9. To that aim, we use the particular form of the collisional frequencies, Eqs. 59, 60 and 61. These frequencies essentially depend on the number of colliding particles, their masses, and a given function of temperature. Assuming we have collisions between electrons, ions of type α and neutrals of type β, one can write:
where m p is the proton mass, A α is the atomic mass of species α, and A αβ = A α A β /(A α + A β ) is the reduced mass.
Collisional frequencies satisfy the following property:
Using these properties we can rewrite the ion collisional term R i , Eq. B6, as:
In a similar way we get for the neutral term, R n , Eq. B8:
and for the electron term, R e , Eq. B9: (104) where we have neglected the term β n βn w βn , since we do not expect large differences between the individual velocities of neutrals of type β with respect to their center of mass velocity. Therefore, we assume the magnitude of this term to be of second order. Additionally, we have assumed that the factor A −1/2 αβ does not differ significantly from its value for hydrogen atoms. This number is only large for collisions between pairs of heavy particles, with large atomic number, as e.g., Fe. Since the abundance of these atoms in the solar atmosphere is significantly smaller that of the lightest atoms (H, He), we can safely neglect their contribution in the summation.
To prove the latter idea we have calculated the frequency of collisions according to Eqs. 59 and 60, multiplied by the number density of both colliders, i.e.,
We have computed ν iαn β for the first 30 elements of the periodic system and their first ions. For that, we have used their solar relative abundances and have computed the Saha distribution of population densities for the firstionized states of those 30 elements. Then we have solved the equations of the instantaneous chemical equilibrium for the 30 elements and 14 molecules that are common in the solar atmosphere (CH, NH, OH, CN, CO, NO, TiO, H 2 , H + 2 , C 2 , N 2 , LiH, SiH and HF). Finally, we have computed the collisional frequencies. The computation has been performed for the electron density, temperature and total hydrogen density of the VALC model (Vernazza, Avrett, and Loeser, 1981) .
The result of these calculation is given in Fig. 2 . We have chosen as representative an arbitrary height in the upper photosphere, 515 km. The relative weight between the collisional frequencies does not significantly depend on height. It appears that the most frequent collisions are between the most abundant elements, H and He, with ions of other elements. The rest of colliders are much less abundant and therefore, the collisional transfer of momentum between them can be safely neglected. Therefore, we can safely assume A −1/2 αβ only weakly varying, and perform the summation above.
H. Ohm's law for two-fluid description
Ohm's law is frequently derived from the electron momentum equation, by neglecting the electron inertia (terms ∂(ρ e u e )/∂t, ∇(ρ e u e ⊗ u e )) and gravity acting on electrons (ρ e g), see, e.g. Zaqarashvili, Khodachenko, and Rucker (2011a) . However, we now deal with the 2N + 1 component plasma (N ionized, N neutral and 1 electron components) and we find more convenient to use the same strategy as in Bittencourt (1986) . We derive an evolution equation for the electric current by multiplying the momentum equations (Eq. 29 and 30) of each species by q αi /m αI and add them up. Since neutral species have zero charge, summatories only extend to ions (α = 1, .., N ) and electrons (α = N + 1). This leads to
Using the continuity equation for species α, one gets:
Here we have used the current density definition J = α n αi q αi u αi according to Eq. C6. Expanding the convective term in Eq. 107, and substituting the velocity u αi using the definition of the relative velocities of ions and electrons (Eq. C7) with respect to the center of mass velocity of charges u c ( u αi = w αi + u c and u e = w e + u c ) we have:
(n αi q αi w αi ⊗ w αi ) − e ∇(n e w e ⊗ w e )
Here we have explicitly replaced species α = N + 1 by electrons.
The current density J ′ is defined as
the later equality holds because the charge neutrality is assumed. All four terms in the above expansion are of secondorder, given that they involve double products of velocities. Generally, the Ohm's law is used only up to first order, and they are neglected. We will do the same approximation later. We keep them for the moment, in case they need to be retained (partially or fully) for some reason. The gravity term in Eq. 106 also cancels out because of the charge neutrality. This gives the Ohm's law the following form:
Up to now it is general and no assumptions have been made except for the charge neutrality and the neglecting of multiply ionized atoms. To make a practical use of this Ohm's law we will particularize it to our case. Setting q α = e for ions and putting explicitly the electron contribution, the Lorentz term sums to:
We proceed by neglecting all the terms proportional to m e /m αi in the Lorentz force term. The drift velocity term is expanded as:
The result of the summation can be reasonably assumed small in the case of multiple ions, since we do not expect strong deviations between the individual velocities of ions u αi and the center of mass velocity of charges u c . After neglecting this term, we get
The sum of the pressure terms gives:
Next we deal with the friction forces terms. Note that because of the multiplication by q α , the friction force of neutrals has no effect. In order to operate these terms we have to take into account the form of expression for collisional frequencies, Eqs. 60, 59, Eq. 61, and Eq. 98.
where we have neglected terms such as α n αi w αi and assumed weak variations of the factor A −1/2 αβ , similar to Section III G.
After assuming stationary currents and neglecting second-order terms (all terms on the left hand side of Eq. 109), the two-fluid Ohm's law for multi-component plasma becomes:
This equation closes the system. From left to right the terms in the Ohm's law are: Hall term; battery term, Ohmic term, and ambipolar term. The Ohm equation has similar form as the one for hydrogen plasma derived in e.g., Zaqarashvili, Khodachenko, and Rucker (2011b) except that we use u c instead of u i .
IV. SINGLE-FLUID DESCRIPTION
When the collisional coupling of the plasma is strong enough, it is convenient to use a single-fluid quasi-MHD approach i.e, including resistive terms that are not taken into account by the ideal MHD approximation. The derivation of the single-fluid equations for a multicomponent plasma (N neutrals, N ions and one electron component) goes essentially through the same steps as for two-fluids above, except for slightly different definitions of the macroscopic variables. These definitions are given in Appendix D. In this section we provide the final singlefluid equations of conservation of mass, momentum and energy, and derive the generalized Ohm's law for the case of single-fluid description. Below we use single index α to refer to each of 2N + 1 components, without explicit indication of neutrals and ions.
A. Mass, momentum and energy conservation
The mass, momentum and energy equations for all species, including photons, are added up leading to the single-fluid equations in the following form:
and q ′ defined by equation Eq. D8 and χ α by Eq. A3 with the index α running over N neutrons plus N ions.
In these equations we have not neglected the electron inertia. The individual inelastic collisional S α -terms have disappeared since there can not exist any mass density variation due to collisions. The momentum transfer between particles also vanishes (the elastic collision terms between particles sum to zero according to Eqs. B9, B6 and B8) and only the momentum exchange with photons remains (through the term − ∇P R ). The same happens with the energy transfer between particles and only the energy exchange with photons is left with the term ∇ F R .
We can remove the kinetic energy terms from the energy equation using the momentum (Eq. 117) and continuity (Eq. 116) equations, obtaining: 
B. Ohm's law for single-fluid description
Using the same strategy as for the two-fluid description, we multiply the individual momentum equations of each species by q α /m α and add them up. This leads to an equation similar to Eq. 109, except that average center of mass velocity u appears after the summation, instead of the velocity of charges ( u c ) and a different definition of the drift velocities, w αi , now measured with respect to the average velocity, u, rather than with respect to the average velocity of the charges, u c :
where the summation is done only over the charged components (ions and electrons) since q n = 0. The summation of the Lorentz force term leads to the following
where we have neglected the term proportional to m e /m α . The summation in the above equation goes only over N ions. We further assume that the drift velocity of individual ions is not different from their average drift velocity, i.e.,
with u i being center of mass velocity of ions. Using the definition from Eq. D2, the relation between the center of mass velocities of charges u c , neutrals u n , and the average one over the whole fluid u can be approximately expressed as:
The latter equation provides that ξ n +ξ c = 1. Combining the two relations above one obtains:
The center of mass velocity of ions u i and of charges u c (the latter including the contribution from electrons, see Eq. C5) can be assumed approximately the same if one neglects the electron mass compared to the ion mass. This assumption has already been used in this section, as well as for the derivation of the Ohm's law for the twofluid formalism. In the equation above we have defined the relative ion-neutral velocity w as: The summation of the Lorentz force term finally gives:
The summation of the pressure terms, and the elastic collision R terms, are both the same as in Eq. 113 and Eq. 114, correspondingly.
Assuming that currents are stationary in Eq. 121, the partial derivative vanishes. For situations not far from equilibrium, velocities can be assumed to be small and second-order terms including double products can be neglected. Thus, all the terms on the left-hand side of Eq. 121 can be removed. The equation for the electric field E then reads as:
Unlike the two-fluid approach, we can not directly use this equation, because there are still terms depending on w and we need further assumptions to proceed from here.
We need the equation for the relative ion-neutral velocity w and we obtain it following Braginskii (1965) . We add up the ion-electron and the neutral momentum equations (Eq. 83 and Eq. 78), multiplied by ξ n and −ξ c , correspondingly. The result is:
ρ e ν en β J n e e − α n w (129) where G and α n are given by
The gravity term cancels out since g(ρ c ξ n − ξ c ρ n ) = 0 We can express the total derivative in terms of the drift velocity
and this term is neglected when compared to the friction terms, the latter assumed to be ∼ w/τ col , where τ col ∼ 1/ν αβ is a typical collisional time scale, see Díaz, Khomenko, and Collados (2013) . Then the expression for w becomes:
Introducing this result in Eq. 128 and rearranging terms, one can obtain an expression for the electric field E * :
where the coefficients of the Ohm's law are given by:
In these equations, we have defined the additional parameters:
according to the definition of the collisional frequencies Eq. 98. The expression for the coefficient c jbb in Eq. 135 can be compared with those given in other studies that include the contribution of neutral helium by Zaqarashvili, Khodachenko, and Soler (2013) and Soler, Oliver, and Ballester (2010) .
Our expression for this coefficient is more compact than given in Zaqarashvili, Khodachenko, and Soler (2013) and is more similar to Soler, Oliver, and Ballester (2010) . Zaqarashvili, Khodachenko, and Soler (2013) showed that the expression by Soler, Oliver, and Ballester (2010) does not have a general validity and is only valid for weakly ionized medium, since equal velocities of neutral hydrogen and helium were assumed for its derivation. In our case, we have not made any assumptions about the ionization degree of the plasma, but we supposed that the terms α n αi w αi and β n βn w βn representing the sum of the individual drift velocities of ion and neutral species with respect to the average ion and neutral velocity are small. Therefore, our expression does not suffer the same restrictions as the one by Soler, Oliver, and Ballester (2010) .
C. Total induction equation
To get the induction equation, we use Ohm's law, Eq. 134, and Faraday's law and Ampere's law neglecting Maxwell's displacement current:
The generalized induction equation can be rewritten in terms of current density J as:
where we have defined the diffusivity coefficients, making use of Eqs. 135.
In the induction equation, the terms on the right hand side are: convective term, Ohmic term, Hall term, ambipolar term, Bierman battery term, terms depending on the pressure gradients distribution and gravity terms. The vector G becomes small if the neutral fraction is small, i.e. in the weakly ionized plasma. Note that in the above definitions of diffusion coefficient we formally scaled η p with |B|/µ to have the same dimensions as other diffusion coefficients η, η H , η A (l 2 /t, i.e. m 2 s −1 in the SI units). The expression of the coefficient multiplying the Biermann battery pressure term ∇p e is exactly the same as of the Hall term [ J × B]. The relative importance of the both terms is thus determined by the strength of the current density J, magnetic field B and the value of the electron pressure (that may be small for a weakly ionized plasma), as well as the amplitude of spatial variations of these quantities.
Another often used parameter is Cowling conductivity (Khodachenko et al., 2004 (Khodachenko et al., , 2006 Leake and Arber, 2006; Forteza, Oliver, and Ballester, 2007; Arber, Haynes, and Leake, 2007; Arber, Botha, and Brady, 2009; Sakai and Smith, 2009) . It can be introduced combining the Ohm and Ambipolar terms: 
By introducing this conductivity, the ambipolar term, together with the Ohmic term can be rewritten as:
so that the Cowling conductivity is responsible for the perpendicular currents to the magnetic field. The Cowling conductivity depends on the magnetic field and on the ionization fraction. If there are no neutrals (ξ n = 0), both Ohmic and Cowling conductivity are the same.
V. OHM'S LAW IN THE SOLAR ATMOSPHERE
To estimate the relative importance of the Ohmic, Hall, Ambipolar and other terms in the induction equation, one has to compare the values of η, η H , η A , η p , etc. for the typical conditions of the solar atmosphere.
We compare two atmospheric models. In the first model we take thermodynamic parameters from the VALC model atmosphere (Vernazza, Avrett, and Loeser, 1981) , and the magnetic field is assumed to depend on height as B = 100 exp (−z/600) G, roughly representing a quiet solar atmosphere outside active regions. The second model is extracted from the non-LTE inversion of the IR Ca triplet by Socas-Navarro (2005) and represents a sunspot umbra. These two models give the two extreme cases of the conditions that can be found in the solar photosphere and chromosphere. Figures 3 and 4 show the magnetic field stratification and the ionization fraction ξ i in the both models. The magnetic field reaches the maximum of 2.5 kG in the sunspot model, but only 100 G in the quiet Sun model. The ionization fraction is always below 1. In the quiet Sun the minimum of ∼ 10 −4 is reached in the photosphere. In the sunspot model, the ionization fraction is even lower, as expected for the cooler temperatures appropriate for the umbra.
The diffusion coefficients for the both models are shown in Figure 5 . This figure gives the coefficients η, η H (equal to η p in our definition) and η A . The comparison of the diffusion coefficients for the quiet model (left) shows that the Hall term becomes more important at heights above 200, where the electrons decouple from the rest of the plasma, according to Fig. 1 . At this height the cyclotron frequency of electrons becomes larger than their collisional frequency. The Ambipolar term becomes more important above 1000 km when the ions decouple from the rest, according to Fig. 1 . . The different terms are multiplied by a factor (when necessary) so that the scale is the same in all the panels. The Hall term is taken as a reference. The larger is the multiplying factor, the smaller is the term. The quantities are given at height of 600 above the photosphere.
As for the sunspot model, the whole stratification seems to be shifted downward in height (Willson depression). The Ohmic diffusivity is of the same order of magnitude as in the VALC model. However both Hall and Ambipolar terms are two orders of magnitude larger due to the larger magnetic field. The Ambipolar term dominates over almost all height range starting from 300 km in the photosphere.
To define the typical temporal and spatial scales where the Ohmic, Hall and Ambipolar terms become important, compared to the convective term u × B, we have to relate them between each other. If u is of the order of Alfvén speed v A = B/ √ µρ, then the spatial scale is given by:
The temporal scale is ν = v A /L making it as:
In the above equations η stays for either Ohmic, Hall or Ambipolar diffusivity coefficient.
The scales go with B as:
so the importance of the Ambipolar diffusion should increase in the strong-field structures, while the importance of the Hall effect should increase in the weak-field structures. Another way of evaluating the importance of these terms is by comparing their scales with typical frequencies of the atmosphere, such as cyclotron frequencies and collisional frequencies. Using the expressions for the η coefficients above, one readily obtains . The different terms are multiplied by a factor (when necessary) so that the scale is the same in all the panels. The Hall term is taken as a reference. The larger is the multiplying factor, the smaller is the term. The quantities are given at height of 1500 in the chromosphere.
Therefore, the Hall term becomes important for time scales close to the ion cyclotron period, the Ambipolar term becomes important on scales proportional to ion-neutral collision time (see Zaqarashvili, Khodachenko, and Rucker, 2011b) and the Ohmic term is important on scales given by the ratio of the electron collisional frequency to the product of the ion and electron cyclotron frequencies. The typical scales obtained from the above estimation are given in Fig. 6 for the quiet model and in Fig. 7 for the sunspot umbra model. In the quiet model the largest spatial scale for the Hall effect reaches 100 m at 600 km; the largest temporal scale is 0.1 sec, also for the Hall effect in the upper photosphere. For the Ambipolar term, the largest scales are at the upper chromosphere, reaching the same values.
In the sunspot umbra model, the Ohmic term only important at spatial scales below 1 m, the Hall term in the photosphere reaches the scales of 100 m, while the Ambipolar term dominates at scales reaching few 1000 m. The temporal scales in the umbral model do not exceed 0.1 sec for all the terms. The spatial and temporal scales calculated for the sunspot umbra model agree with those given in Pandey and Wardle (2008) .
It is also interesting to check the relative importance of the other terms in the Ohm's law compared to the Ohmic, Hall and Ambipolar terms. For that we make use of the three dimensional solar model atmospheres. We use a snapshot of solar magneto-convection calculated by Vögler (1999) The Ohm's law gives a vector of the current density J. As a matter of an example we display only the horizontal y component of the current E y at a given height. Figures 8 and 9 show the the result of the calculation. In the quiet region (Fig. 8) Ohmic, Hall and Ambipolar are the dominating terms. The latter two are largest at the borders of granules where the gradients are the strongest. The amplitude of the variations of these terms over the surface is several orders of magnitude, strongly depending on the magnetic field and the ionization frac-tion (i.e. temperature). The battery and the pressure term (last two panels) are, on average 4 − 5 orders of magnitude smaller. However, we should take this sample calculation with care because the magneto-convection simulations were computed without taking into account the non-ideal terms of the Ohm's law and because the spatial resolution of this snapshot is not enough to resolve the scales where these terms can be important (see Fig. 6 ).
In the sunspot model (Fig. 9 ) the relative contribution of the different terms changes. The ambipolar term dominates by 3 orders of magnitude over all other terms. The next largest term is the Hall term. The Ohmic and the pressure term G × B are of the same order of magnitude, being 2 − 3 orders of magnitude smaller than the Hall term. The battery term is not important, however. Once again, this calculation has to be taken with care because of the relatively low spatial resolution in the derivatives (200 km) and all other approximation assumed when doing the inversion of the IR Ca triplet profiles (see Socas-Navarro, 2005) . The spatial variation of the terms also shows hints for dependence of the magnetic and temperature structure of the observed sunspot, though not so much clear as in the numerically computer magneto-convection model with better resolution.
VI. CONCLUSIONS
In this paper we have provided a self-consistent derivation of equations for the description of multi-component, multi-specie solar plasma composed of an arbitrary number of ionized and neutral atoms. Starting from the microscopic description of the atom interactions at different ionization-excitation states we have derived the macroscopic equations of conservation of mass, momentum and energy, including the interaction of the matter and radiation field. Without providing all the details of radiative interactions (that depend on particular transition in particular atom), we have given several examples for the formulation for different collisional source terms in the conservation equations for the case of radiative excitation process.
Conservation equations for multiple micro-states were summed out to provide a two-fluid and a single-fluid formalism, in order to reduce the number of variables and necessary to make the system of equations solvable on practice. Unlike other works, our equations cover the case of an arbitrary number of neutrals and singly-ionized ions, and not just hydrogen or hydrogen-helium plasma. The latter is important for the self-consistent description of solar plasma where most neutral atoms come from hydrogen, that is essentially not ionized in the photosphere, but most electrons come from other atoms that are ionized even at the relatively low photospheric temperatures. Therefore, in our approach, the ionization fraction can be calculated self-consistently.
In the two-fluid formalism we write separately equations for an average neutral component and an average ionized component, assuming that the difference in velocity and other parameters between these two components is larger than between the different ions and neutrals of different kind themselves. This assumption is reasonable because the forces acting on neutral and ionized particles are different. Nevertheless, due do their different masses, the force acting on different neutrals themselves can also be different. If the collisional coupling is weak enough, different neutral components may decouple and should be considered apart. Our formalism can be easily extended to cover this situation. It can also be extended, if necessary, to the case of multiple ionizations. However, in the regions of interest of the solar atmosphere where the concentrations of neutrals is the largest, multiply ionized atoms are not so frequent. Finally, we have derived Ohm's law for the multicomponent plasma, both for the two-fluid and single-fluid cases. We have evaluated the magnitude of the different terms in the Ohm's law (as Ohmic, Hall, Ambipolar and battery terms) for several representative models of the solar atmosphere, covering quiet and active regions. In the quiet regions, Hall and Ambipolar terms dominate the electric current, being largest at the borders of inter granular lanes with strongest gradients of all parameters. In the sunspot model, the Ambipolar term dominates by 3 orders of magnitude over the next in magnitude Hall term. These results can be taken as a guidance for the future application of non-ideal MHD modeling in different solar situations.
• Individual heat flow vectors:
Particularizing to the case of singly-ionized ions, we change to a standard nomenclature, and denote singlyionized ions of a specie α by sub-index α i , and neutrals of a specie β by β n , the collisional momentum transfer between ions of sort α and the rest of the particles is:
where the electrons are denoted by sub-index e.
Collisional term between all the ions with the rest of the particles is the sum of the last expression over α
where the ion-ion collisions add up to zero.
Collisional term between neutrals of sort β and the rest of the particles is:
Collisional term between all the neutrals with the rest of the particles is:
Finally, the collisional momentum exchange between electrons and the rest of the particles is expressed as: 
where the summation goes over all ions and neutrals. The total momentum is conserved in elastic collisions, making R e + R i + R n = 0. • Total heat flow vector corrected for potential ionization-recombination energy flux:
with χ α given by Eq. A3 without explicit indication of ions and neutrals.
